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Fractal-polarization correction in time domain dielectric spectroscopy
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Electrode polarization appears self-similar in time and occurs even when the geometrical electrode structure
is not fractal. Problems associated with electrode polarization in time domain dielectric spectroscopy of con-
ductive liquids persist to much higher frequencies than generally appreciated. An explicit consideration of the
fractal nature of such polarization, irrespective of the fractal~geometrical! structure of the electrode, leads to
a concise correction for such polarization effects. This correction is illustrated for an aqueous electrolyte.
@S1063-651X~98!04912-5#

PACS number~s!: 61.43.Hv, 72.20.2i, 77.22.2d, 78.20.Ci
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I. INTRODUCTION

The accumulation of charge in dielectric spectrosco
~DS! on electrode surfaces results in electrode polariza
that leads to the formation of electrical double layers@1–4#.
The associated capacitance and complex impedance d
this polarization is so large that the correction for it is one
the major requisites in obtaining meaningful measureme
on conductive samples, especially in aqueous biological
colloidal systems@3–9#. Various approaches have been us
to correct for electrode polarization, including electro
separation variation@6,7,10#, four-electrode methods@1,11–
13#, high surface area electrodes@14#, and high current den
sity @6#. The details of electrode polarization depend mic
scopically upon the electrode surface topography and sur
area as well as the surface chemistry~reactive surface group
or atoms! and the interaction of this chemistry with the d
electric material or sample being examined. In the case
conductive liquids, the principal motivation of this wor
surface ionization and ion exchange processes in the ele
cal double layer can depend critically upon the chemical
ture of the sample being investigated as well as the chem
and physical nature of the electrodes used. Because t
many effects can be so diverse, no simple correction te
nique has been widely accepted. We present a particula
proach to correcting for electrode polarization in~two-
electrode! time domain dielectric spectroscopy~TDDS! that
rests upon a control experiment using a liquid control sam
that mimics the ionic nature of the continuous phase of
sample investigated.

Several equivalent circuits have been proposed to
scribe the essential elements of a sample cell containing
electrolyte solution@3,7# and the most generally accepte
approach is shown in Fig. 1~a!. Under the assumption tha
the electrodes are blocking with respect to Faradaic elec
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transfer, the polarization impedance of the electrodes ma
expressed as

Zp5Rp1
1

j vCp
, ~1!

where j 5A21. This polarization is in series with th
sample admittance

Y5
1

R
1 j vC. ~2!

Both Cp andRp vary with frequency andZp is often consid-
ered negligible at sufficiently high frequencies. This hig
frequency limit for electrode polarization has been estima
differently, depending on the particular type of electrode
sembly and DS experiment, but has generally fallen in
interval 100–500 kHz. Because of the diverse nature of p
cesses that can contribute to electrode polarization, suc
the sample-dependent chemical processes alluded to ab
it is difficult to estimate an upper bound for this frequen
limit.

Time domain dielectric spectroscopy measurements
aqueous solutions of proteins and cell suspensions up

ic

NY
FIG. 1. Equivalent circuits for a conductive dielectric samp

with electrode polarization impedance described by~a! Cp andRp

and ~b! recapCn(s).
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GHz @9# have shown that electrode polarization may not
negligible at such high frequencies. Schwan noted the po
nature of electrode polarization phenomena@6#. We now of-
ten attribute such porosity to fractality and characterize
rous tortuosity in terms of fractal dimension. Schwan a
mentioned the increasing magnitude of this effect with
creasing frequency. While the fractal nature of electrodesur-
faces is now well appreciated@15–19#, no applications for
making polarization corrections, capitalizing upon the frac
nature of electrodepolarization, appear to have been deve
oped previously. In this paper we focus upon the fractal
ture of the polarization, not upon the geometrical fracta
~surface roughness or porosity! of the electrode structure.

II. THEORY

A general form for depicting the fractal nature of an ele
trode double-layer impedance is given byZ( j v) @15–17#,

Zn~ j v!5A~n!~ j v!2n, ~3!

where 0,n,1, A(n) is a parameter, and the frequencyv is
located in a certain rangevmin<v<vmax due to the self-
similar electrode polarization properties of the electrode s
face @15–17#. At sufficiently high and low frequencies th
self-similarity of the electrode polarization disappears. T
estimation ofvmin and vmax is discussed below. The expo
nent n has often been connected with the fractal dimens
of the electrode surface, but this connection is not necess
Pajkossy@17~a!# has shown, however, that specific adso
tion effects in the double layer do appear necessary for s
dispersion. We connect the exponent to the fractality of
dynamical polarization and show that the polarization is s
similar in time, in contrast to a self-similar geometrical stru
ture.

The frequency limitsvmin and vmax may be estimated
from self-similar networks, such as Coauer’s branching
cuit described by a heterogeneous transmission line
cussed elsewhere@17~b!,18,19#. The essential relation is th
ordering described by the equation

S RNCN

RpCp
D n

<vRpCp<1, ~4!

whereRN and CN are the resistance and capacitance of
Nth cell of the equivalent circuit described by scaling facto
b andj (0,b,1, 0,j,1), where

RN5RpbN, ~5!

CN5CpjN, ~6!

and Rp and Cp are the resistance and capacitance of
zeroth cell. Substitution of Eqs.~5! and ~6! into Eq. ~4! and
rearrangement of terms gives

~bj!Nn

RpCp
<v<

1

RpCp
. ~7!

We see from Eq.~7!, therefore, thatvmax is inversely pro-
portional to the time constantRpCp and vmin is bounded
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from below by the scaling factor term (bj)Nn/RpCp . Sinceb
and j are less than unity andN may be large,vmin will
generally be quite small.

This specific dependence in Eq.~4! on frequency is
known as theconstant phase angledependence@18,19#. This
impedance behavior occurs for a wide class of electro
@16,20# and suggests the introduction of a new equival
circuit element with impedance characteristics similar to E
~3!. We call this element arecapelement~derived from re-
sistance and capacitance!. The electrical and fractal proper
ties for this recap complex impedanceCn(s) are given by

Cn~s!5R~RC!2ns2n, 0,n,1. ~8!

This circuit element occupies an intermediate position
tweenRp (n50) andCp (n51) and expresses its imped
ance in the finite range of frequencies mentioned above.
ing the definition of Eq.~8!, we can rearrange the equivale
circuit of the measuring sample cell with electrolyte solutio
as shown in Fig. 1~b!. The impedance of the sample ce
~electrodes! containing electrolyte solution can then be d
rived using one of these recap elements for the impedanc
each electrode. Since electrodes generally are not perfe
identical, each can be defined according to Eq.~8! to give

Cn i
~s![Cn i

s2n i5Ri~RiCi !
2n is2n i, ~9!

with i 51 and 2. In this fractal representation the measur
cell is defined in terms of this fractal impedance of the el
trode polarization.

In order to derive the current-voltage relationship o
tained for the equivalent circuit of Fig. 1~b!, it is convenient
to note the identity@21#

s2nI ~s!5
1

G~n!
E

0

t

~ t2t8!n21i ~ t8!dt8, ~10!

where i (t) is a time-dependent current,G~n! is the gamma
function,s is the complex frequency, andI (s) is the Laplace
transform ofi (t). The resulting current-voltage relationshi

V~ t !5
Cn1

G~n1!
E

0

t

~ t2t8!n121i ~ t8!dt8

1
Cn2

G~n2!
E

0

t

~ t2t8!n221i ~ t8!dt8

1
1

C E
0

t

exp@2~ t2t8!/tc# i ~ t8!dt8 ~11!

has two terms describing the polarization of the respec
electrodes and a third term describing the contribution of
bulk sample, wheretc5RC. Equation~11! shows howV(t)
and i (t) are related for different kinds of measuring ce
~i.e., differentCn i

,n i) containing conductive solutions tha
polarize electrodes in conformity with the equivalent circ
illustrated in Fig. 1~b!.

Let us consider the case wherei (t) is constant, as obtain
at long times after all transients associated with sample
laxations have died out. For this case Eq.~11! reduces to
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V~ t !}
Cn1

n1G~n1!
tn11

Cn2

n2G~n2!
tn21R@12exp~2t/tc!#,

~12!

wheretc defines the time scale wherein the recap eleme
~the electrode polarization! affect theV(t) measured for the
sample cell containing a conductive solution. If we make
simplifying assumptions that~i! both electrodes of the
sample cell have the same~or equivalent! fractal polarization
(n15n2 andCn1

5Cn2
) and~ii ! there is no dispersion of th

conductive solution~sample! in the time window defined by
tc (.tmin51/vmax), Eq. ~12! can be rewritten as

V~ t !5Btn1Rt/tc for t/tc!1 ~13!

and

V~ t !5Btn1R for t/tc@1. ~14!

Equations~13! and~14! are particularly useful in illustrating
how the contribution of electrode polarizationBtn should be
subtracted fromV(t).

The voltageV(t) observed at the sample cell~plate or
cylindrical capacitor@22#! at the end of a coaxial line can b
written as@9,22#

V~ t !5V0~ t !1Vr~ t !, ~15!

where V0(t) and Vr(t) are the incident and the reflecte
signals~pulses!, respectively. The current flow through th
sample is

i ~ t !5
1

Z0
@V0~ t !2Vr~ t !#, ~16!

whereZ0 is the characteristic impedance of the coaxial lin
In the case of conductive solutions, Eqs.~15! and ~16!

show that both the voltage and the current flow are in
enced by electrode polarization. The observed voltageV(t)
monotonically increases in the TDDS time window of obs
vation and the currenti (t) monotonically decays. The elec
trode polarizationcorrection is then obtained by subtractin
the functionBtn from V(t). The incident pulseV0(t) gener-
ally is an approximation to a step function with zero lon
time slope and the monotonically increasing behavior
V(t), associated with the correctionBtn, is a component of
the reflected pulseVr(t). Since this component is subtracte
in Eq. ~15! from Vr(t), it needs to be added (1Btn/Z0) to
i (t) in Eq. ~16!.

III. EXPERIMENT

Dielectric measurements were made using a TDS-2.1~Di-
pole TDS Ltd., Jerusalem! time domain dielectric spectros
copy system. The general principles of time domain diel
tric spectroscopy and a detailed description of t
instrumentation and software algorithms have been descr
elsewhere@22#. The measurements were done in a time w
dow of 5 ms. In the framework of a lumped capacitan
approximation@22#, we used a parallel plate capacitor as
sample cell and we highly polished the steel electrodes
order to satisfy the approximation, implicit in Eq.~14!, that
ts

e
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-

-

f

-
s
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-
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both electrodes are essentially identical. The capacitanc
the empty cell ~filled with air! was calculated asC0
50.2 pF.

We examined a strong electrolyte solution of NaCl in w
ter at 25 °C. This solution was 0.1M NaCl adjusted topH
1.25 with 0.05M HCl and had a low-frequency conductivit
of 1.57 S m21. The TDDS multiwindow measurements@22#
allow long-time ~up to 5 ms! registration of signal tails,
where the signal from a dielectric with low-frequency co
ductivity has completely relaxed~decayed! and only the sig-
nal from the electrode polarization remains. This is true
simple electrolyte solutions where no other relaxation p
cesses can be detected@23#. The experimental signalV(t) is
illustrated in Fig. 2, where it is plotted on a log-log sca
The fractality indexn was determined to be 0.785 withB
50.593 by linear regression of the asymptotically linear p
tion. We reiterate that the value of this index is strictly d
pendent on the electrode material@24#, the electrode polish-
ing, and the surface chemistry attendant to the interaction
the aqueous electrolyte with the electrode surfaces.

This electrode polarization correction for TDDS measu
ments of conductive biological or colloidal samples can
summarized in the following way. A reference sample w
equivalent continuous phase conductivity and electrol
composition is measured and these data are used to fi
parametersn andB ~as was illustrated above for the data
Fig. 2!. Then other samples having equivalent continuo
phase conductivity and electrolyte composition may be m
sured with the same electrodes. The polarization correc
embodied in then andB obtained earlier is applied by sub
traction ofBtn from V(t) @or from Vr(t)# and by adding this
same function~scaled byZ0) to i (t). These corrected signal
are then Fourier analyzed@22# to obtain the resulting dielec
tric spectrae8(v) ande9(v). In this exposition of the cor-
rection procedure we have illustrated the method focus
upon the polarization properties of a simple two-compon
electrolyte solution. After correction in this case we are l
with the properties of the neat solvent, water.

The comparative dielectric spectra of simple electrol
solution with and without electrode polarization correcti
(pH51.25) are presented in Fig. 3. The permittivity befo
and after electrode polarization correction is illustrated
Fig. 3~a!. The uncorrected permittivity appears to exhibit
anomalously large value at low frequencies and appear
undergo some sort of dispersion process in the 100 kHz
MHz region. This dispersion is highlighted as a peak in t

FIG. 2. Voltage V(t) applied to the electrolyte solution
n50.785 andB50.593~with polished stainless steel electrodes!. V
and t have unit of volts and seconds, respectively.
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uncorrected dielectric loss spectrum of Fig. 3~b!, peaking at
100 kHz. This dispersion essentially completely vanishes
ter correction for electrode polarization. The corrected p
mittivity in Fig. 3~a! is essentially independent of frequen

FIG. 3. Fractal electrode polarization correction for dielect
spectra~a! «8 and ~b! «9 of a simple electrolyte solution: 0.1M
NaCl atpH 1.25; d, uncorrected;s, corrected;m, pure water at
20 °C @25#; j, pure water at 25 °C@23#.
ce

-

h,

io-
f-
r-

at about 78. The dielectric loss, after correction for electro
polarization, becomes very small, in the range 100 kHz
100 MHz, but shows a steady increase with increasing
quency. This increase is consistent with the well-known
electric loss maximum of water in the region 3–6 GHz a
compares well with the experimental dielectric loss valu
for water reported at 20 °C@25# and 25 °C@23# and illus-
trated in Fig. 3~b! for comparison.

The practical estimation of the frequency limits for the
experimental conditions may be made by transforming
~4! by inversion to the inequality

RpCp<t<RpCp~bj!2Nn. ~17!

In our experiments the incident pulse has a time window
10 ms. This corresponds to a lower-frequency limit of 10
kHz and ade factoupper bound of 1025 s in Eq. ~17!. An
estimation ofvmax can be made more definitely. Accordin
to Schwan@1,6#, typical values of electrode polarization re
sistance and capacitance for 0.1M NaCl areRp>1 V and
Cp>0.7mF at 100 kHz for large platinum electrodes~2.5 cm
in diameter!. In our experiments the electrode diameter is 0
cm. Using the same value ofRp as Schwan~>1 V! and from
the ratio of electrode areas we find thatCp>0.01mF at 100
kHz, so thatRpCp>1028 s. This is equivalent to an estimat
for vmax of 100 MHz.

IV. CONCLUSION

The data derived here after correction for electrode po
ization are in good agreement with previously publish
aqueous data. These data show unequivocally the need
electrode polarization correction at frequencies in exces
100 MHz and that such a correction can be effected by
plicitly considering the fractality of electrode polarizatio
The application of this technique is not limited to polish
steel electrodes and may be extended to electrodes hav
fractal surface topography. Extensions of the methods
scribed here to other types of dielectric spectroscopy exp
ments are under investigation.
. J.
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